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Abstract
In this paper we consider the β function at one-loop approximation for noncommu-
tative scalar QED. The renormalization of the full theory, including the basic vertices,
and the renormalization group equation are fully established. Next, the complete set of
the one-loop diagrams corresponding to the first-order radiative corrections to the basic
functions is considered: gauge, charged scalar and ghost fields self-energies, and three-
and four-point vertex functions
〈
φ†φA
〉
,
〈
φ†φAA
〉
, and
〈
φ†φφ†φ
〉
, respectively. We pay
special attention to the noncommutative contributions to the renormalization constants.
To conclude, the one-loop β function of noncommutative scalar QED is then computed
and comparison to known results is presented.
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1 Introduction
Perturbative gauge theories are the most successful models for the description of the funda-
mental interactions in nature, where the coupling constant is small. One of the most successful
of these gauge theories is QED, a theory that describes the interaction of fermionic charged
particles with electromagnetic field. In the QED framework, the one-loop analysis for the
physical quantities, such as the electron anomalous magnetic moment and the Lamb shift
effect in the energy levels of a hydrogen atom, gives us theoretical predictions which are in
excellent agreement with experimental data [1]. In fact, the most accurate low-energy mea-
surement of the electromagnetic fine structure constant (the strength of the electromagnetic
interaction) originates from the electron anomalous magnetic moment, which was measured
precisely using a single electron caught in a Penning trap [2].
As we know, some physical quantities in a field theory do vary with the related energy
scale µ in which it is considered; for example, the value of the fine structure constant runs
with growing energy scale µ. To account for such behavior of all physical quantities, the
renormalization group program can suitably be used so that we can define consistently the
physical outcomes for a given field theory [3]. In particular, in this context, two functions play
a major role: they are the beta and gamma functions that measure the running of a coupling
constant on the energy scale µ and the anomalous dimension of correlators, respectively.
For instance, perturbative analysis for QED shows that the one-loop β function is found as
β(e)
QED
= e
3
12π2
(with NF = 1) [3]. This physically means that the coupling increases with an
increasing energy scale so that QED becomes strongly coupled at high energies.
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Aside from this, to describe the dynamics of spinless charged fields interacting with pho-
tons, a suitable framework is the scalar quantum electrodynamics (SQED), and it is known
that its one-loop beta function is expressed by β(e)
SQED
= e
3
48π2
(with NB = 1) [4]. By a simple
comparison of this result to that one from QED, it is easily realized that the signs of the
both one-loop β functions are positive, showing thus that QED and SQED are infrared free
at one-loop order and moreover that the identity in Eq. (1.1) holds,
β
QED
= 4β
SQED
, (1.1)
in which we understand that the coefficient 4 comes from the trace over the gamma matrices
due to fermionic loops. However, it is important to emphasize that the relation (1.1) is valid at
one-loop order only and in general it is not satisfied by higher-loop perturbative order. More
details on this issue can be found in Refs. [5, 6]. We can then observe that the spin, as an
additional degree of freedom for interacting charged fields in QED, only changes the intensity
of the one-loop β-function and not its sign. Besides, if we consider additional degrees of
freedom for spinning charged fields such as color, e.g., in quark matter, then once again it will
be observed that the sign of the one-loop β function for the model describing the interaction
of quarks with photons, does not change. On the other hand, the structure of the β function
for the interaction of quarks with gluons in QCD does basically change in comparison to the
latter case, since the internal gauge symmetry now is completely changed [3].
As is known the study of noncommutative gauge theories throughout the years has un-
covered several interesting physical properties [7–9], so it would be valuable to investigate
whether the relation (1.1) is also satisfied for the noncommutative setup. In other words, we
wish to examine whether or not adding a new degree of freedom to charged fields in a noncom-
mutative spacetime only changes the intensity of the β function. Furthermore, it is interesting
to understand how the noncommutativity affects the structure of the β functions for these
QED and SQED theories. The answer to the second question in the case of noncommutative
QED at one-loop order has already been studied in Refs. [10, 11] and is given by
β(e)NC−QED = −
e3
16π2
(
22
3
−
4NF
3
)
. (1.2)
The obtained result is independent of the noncommutativity parameter θ, but its structure is
completely different from its commutative counterpart. Indeed, the one-loop contributions of
the relevant graphs to this β function arise only from the planar parts, while the nonplanar
parts are all finite. Although the nonplanar part of the respective diagrams does not contribute
to the β function at one-loop order, the noncommutative effects are actually presented by
means of the new couplings engendered by the noncommutativity of spacetime coordinates.
The structure of Eq. (1.2) is similar to those from non-Abelian gauge theories, in particular
the SU(2) gauge theory. Besides, we see that for NF = 0 the theory reduces to a pure gauge
part with a negative β function which is asymptotically free.
However, the one-loop β function of the noncommutative SQED has not yet been com-
puted, and the exact form of the one-loop β function for NC-SQED could be naively obtained
through the relation (1.2) and the aforementioned considerations in Eq. (1.1). To this end,
we notice that the contribution 22
3
originates just from the pure gauge sector; hence, this part
should also be present in NC-SQED, while the second term, including the matter sector, sim-
ilar to the commutative case would have a different coefficient (due to its spinless structure).
3
Consequently, we find
β(e)NC−SQED = −
e3
16π2
(
22
3
−
NB
3
)
. (1.3)
One of the main goals in this paper is to correctly establish the above result in a more de-
tailed analysis, by considering the interaction among the spinless matter and gauge fields in
the noncommutative SQED. Some general discussions on the renormalization of SQED have
been considered before [12–14], but with a different scope than ours. More importantly, renor-
malization of noncommutative gauge theories must be treated carefully and is still the subject
of analysis [15–17]. Moreover, it is worth noticing the similarity between the β functions of the
noncommutative Abelian gauge theory and commutative non-Abelian gauge theory presented
above. Hence, we will discuss throughout the paper to what extent this similarity holds and
also the role played by the spin of the matter field in the β function of these theories.
Therefore, the organization of this paper is as follows. In Sec. 2, after introducing the
Lagrangian of the NC-SQED model and its invariance under the Becchi-Rouet-Stora-Tyutin
(BRST) Slavnov transformations, we present the relevant Feynman rules used in our one-loop
calculations. Then in Sec. 3, we discuss the renormalization procedure for the full Lagrangian
density and in particular specify the related renormalization constants for the matter, gauge,
and interaction terms. In addition, we show that these renormalization constants satisfy in the
Slavnov-Taylor identities. Next, in Sec. 4, the one-loop analysis for the self-energy of the gauge,
scalar, and ghost field is performed, which yields us the one-loop renormalization constants for
the related fields. Also, the radiative correction to three- and four-point vertices, including
two scalars and one photon, two scalars and two photons and four scalars, respectively, is
carried out in detail, which gives us four renormalization constants corresponding to those
three vertices. Based on the obtained results for the renormalization constants, the one-loop
β function and also the anomalous dimensions of the scalar, gauge, and ghosts fields are
presented and discussed in Sec. 5. Finally, Sec. 6 is dedicated to the concluding remarks.
2 Model
The gauge-fixed dynamics of noncommutative scalar QED is described by the Lagrangian
density
L = (Dµφ)† ⋆ (Dµφ)−m
2φ† ⋆ φ−
1
4
Fµν ⋆ F
µν + Lφ4 + Lg.f + Lgh, (2.1)
where the covariant derivative is defined as Dµφ = ∂µφ+ ieAµ ⋆φ and the field strength tensor
Fµν = ∂µAν − ∂νAµ + ie [Aµ, Aν ]⋆, such that [ , ]⋆ is the Moyal bracket. Also, the Moyal star
product between the functions f(x) and g(x) is described as
f (x) ⋆ g (x) = f (x) exp
(
i
2
θµν
←−
∂µ
−→
∂ν
)
g (x) . (2.2)
Additionally, a noncommutative counterpart of the quartic interaction among the charged
scalar fields is necessary in order to assure the theory’s full renormalizability [18],
Lφ4 = −
1
4
[
λ1(φ
† ∗ φ)2 + λ2(φ
† ∗ φ† ∗ φ ∗ φ)
]
(2.3)
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where λ1 and λ2 are coupling constants and play an important part regarding the renormaliz-
ability and infrared behavior (UV/IR mixing). The gauge-fixing term is chosen on the Lorenz
condition
Lg.f =
ξ
2
B ⋆ B +B ⋆ ∂µA
µ, (2.4)
and B is the Nakanishi-Lautrup auxiliary field, while the ghost contribution reads
Lgh = ∂µc¯ ⋆ D
µc, (2.5)
where we have defined Dµ• = ∂µ • +ie [Aµ, •]⋆. The above Lagrangian is invariant under
BRST Slavnov transformations [19]
sAµ = Dµc, sφ = iec ⋆ φ, sc = iec ⋆ c, sc¯ = −B, sB = 0. (2.6)
We will show next that under discrete symmetries SQED in the noncommutative setup has a
similar behavior as in the NC-QED [20]; this can be seen from the Lagrangian density (2.1)
as follows
(i) Parity
The transformation of the pure gauge sector under parity has been carried out in
Ref. [20], where it was shown that the respective pure gauge terms in the NC-QED
model are invariant under parity without any change in the sign of θ. To study the
behavior of the matter part under parity, we consider the relevant term given by
Lmatter = ie
(
∂µφ† ⋆ Aµ ⋆ φ− φ
† ⋆ Aµ ⋆ ∂
µφ
)
+ e2φ† ⋆ Aµ ⋆ Aµ ⋆ φ+ Lφ4 . (2.7)
Under parity, the complex scalar field transforms as φ
P
(x′) = eiαφ(x), in which the
phase α is arbitrary for a free field [21]. Besides, the gauge field components change
as A0
P
(x′) = A0(x) and A
P
(x′) = −A(x) so that we easily conclude Lmatter does not
change under the parity and thus NC-SQED is parity invariant.
(ii) Charge conjugation
Under charge conjugation, we have Acµ(x) = −Aµ(x) and φ
c(x) = eiηφ†(x), where η
is an arbitrary phase parameter [21]. Taking into account these changes as well as
θ → −θ, we observe that the first term of Lmatter goes to the second term and vice
versa. Furthermore, it is easily seen that the third and fourth terms in (2.7) do not
change, and then by considering the invariance of the gauge part as in Ref. [20], we con-
sequently deduce that NC-SQED is invariant under charge conjugation transformation
(with θ → −θ).
(iii) Time reversal
The time reversal operator acts on the gauge and the scalar fields as A0
T
(x′) = A0(x),
A
T
(x′) = −A(x), and φ
T
(x′) = eiζφ†(x), respectively. Similar to the aforementioned
discussion on charge conjugation, once again, we see that the first and the second terms
of Eq. (2.7) transform to each other and the third and fourth terms remain unchanged,
if we assume that θ → −θ. Together with the invariance of the gauge part, we realize
that NC-SQED is time reversal invariant (with θ → −θ).
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Hence, from the above discussion on the discrete symmetries of NC-SQED, we reach a result
which holds also for NC-QED and was already found in Ref. [20]. Actually, it is understood
that NC-SQED is parity invariant without assumption θ → −θ, and hence this is the same
as the commutative setup. However, in order to have charge conjugation and time reversal
invariance, we should take into account additional transformation for the noncommtativity
parameter as θ → −θ. Hence, NC-SQED, similar to NC-QED, is a CP -violating model, but
is CPT invariant.
Next, based on the gauge-fixed Lagrangian (2.1), one can integrate over the auxiliary field
B, so we can derive all the necessary Feynman rules for the propagators and vertex functions:
• Gauge field propagator (at Feynman gauge ξ = 1):
Dµν(k) =
−igµν
k2
. (2.8)
• Scalar field propagator:
S(k) =
i
k2 −m2
. (2.9)
• Ghost field propagator:
D(k) =
i
k2
. (2.10)
• Three-point vertex
〈
φ†φA
〉
:
Γµ(p, p′) = −ie(p + p′)µe
i
2
p∧p′. (2.11)
• Four-point vertex
〈
φ†φAA
〉
:
Υµν(p, p′, k, k′) = 2ie2gµνe
i
2
p∧p′ cos(
k ∧ k′
2
). (2.12)
• Three-point vertex 〈c¯cA〉:
Ψµ(p, p′) = 2epµ sin(
p ∧ p′
2
). (2.13)
• Cubic gauge vertex 〈AAA〉:
Ωµνρ(p1, p2, p3) = 2e sin(
p1 ∧ p2
2
)
[
gµν(p1 − p2)
ρ + gνρ(p2 − p3)
µ + gρµ(p3 − p1)
ν
]
. (2.14)
• Quartic gauge vertex 〈AAAA〉:
∆µνρσ(p1, p2, p3, p4) = 4ie
2
[
(gµρgνσ − gµσgνρ) sin(
p1 ∧ p2
2
) sin(
p3 ∧ p4
2
)
+ (gµσgνρ − gµνgρσ) sin(
p3 ∧ p1
2
) sin(
p2 ∧ p4
2
)
+ (gµνgρσ − gµρgνσ) sin(
p1 ∧ p4
2
) sin(
p2 ∧ p3
2
)
]
. (2.15)
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• Four-scalar vertex
〈
φ†φφ†φ
〉
:
iΓ(p1, p2, p3, p4) = λ1 cos
(p1 ∧ p2 + p3 ∧ p4
2
)
+ λ2 cos
(p1 ∧ p3
2
)
cos
(p2 ∧ p4
2
)
. (2.16)
Here, p ∧ k = θµνpµkν , and the symbol 〈· · · 〉 indicates the vacuum expectation value of the
time-ordered operators, corresponding to the n-point function of the fields. Before proceeding
with computing the one-loop corrections to the basic functions, we shall now establish the
renormalization of the given theory.
3 Renormalization
We present the multiplicative renormalization of the NC-SQED. The bare and renormalized
fields are related by means of
A(0)µ =
√
Z
3
Aµ, φ
(0) =
√
Z
2
φ, c(0) =
√
Z˜
3
c. (3.1)
Now, we rewrite the Lagrangian (2.1) in terms of the renormalized fields so that we find
explicitly for the interaction part
L
(r)
int = ieZ1
(
∂µφ† ⋆ Aµ ⋆ φ− φ
† ⋆ Aµ ⋆ ∂
µφ
)
+ e2Z
4
φ† ⋆ Aµ ⋆ Aµ ⋆ φ
− ieZ
3A
∂µAν ⋆ [A
µ, Aν ]⋆ +
e2
4
Z
4A
[Aµ, Aν ]⋆ ⋆ [A
µ, Aν ]⋆
−
λ1
4
Zλ1(φ
† ∗ φ)2 −
λ2
4
Zλ2(φ
† ∗ φ† ∗ φ ∗ φ) + ieZ˜
1
∂µc¯ ⋆ [Aµ, c]⋆ ; (3.2)
we can then introduce the counterterms as usual Zi = 1+ δi. Notice that the renormalization
constant Z
1
is related to the vertex
〈
φ†φA
〉
, Z
3A
is related to the vertex 〈AAA〉, Z˜
1
is related
to the vertex 〈c¯cA〉, Z
4
is related to the vertex
〈
φ†φAA
〉
, Z
4A
is related to the vertex 〈AAAA〉,
and Zλ1 and Zλ2 are related to the two terms of the vertex
〈
φ†φφ†φ
〉
.
Moreover, the gauge invariance, expressed in terms of the Slavnov-Taylor identities, assures
the universality of the (gauge) coupling by renormalization, provided the following identities
hold:
Z
4A
Z
3A
=
Z
3A
Z
3
=
Z˜
1
Z˜
3
=
Z
1
Z
2
=
Z
4
Z
1
. (3.3)
Since we are interested in computing the basic functions
〈
φ†φ
〉
, 〈AA〉, 〈c¯c〉,
〈
φ†φA
〉
,〈
φ†φAA
〉
, and
〈
φ†φφ†φ
〉
, we shall find by this analysis the respective renormalization con-
stants Z2, Z3, Z˜3, Z1, Zλ1, and Zλ2 so that in this case the renormalized coupling constants
can be determined as e0 = Zee and λ
0
1,2 = Z
−2
2 Zλ1,2λ1,2, where we have defined conveniently
Ze = Z1Z
−1/2
3
Z−1
2
or Ze = Z
1/2
4
Z−1/2
3
Z−1/2
2
, where further relations for the renormalization
constant Ze can be obtained by making use of the relations (3.3). We note that, however, by
determining these six renormalization constants, the remaining three are immediately deter-
mined by means of the gauge identities (3.3). However, the one-loop analysis of the quantum
corrections to the cubic and quartic gauge vertices, which yields Z
3A
and Z
4A
, has already
been presented in Ref. [22].
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Figure 1: One-loop self-energy graphs for the charged scalar field.
To conclude, one can work out the renormalization group equation for the renormalized
Green function, establishing the invariance of the observables under changes of the renormal-
ization scale µ. In particular, let us consider the two-point function for the gauge field[
µ
∂
∂µ
+ β(e)
∂
∂e
+ β(λ)
∂
∂λ
− 2γ
A
(e)
]
Γµνren (p, e, λ, µ) = 0, (3.4)
where we have defined the β and γ functions as follows
β(e) = lim
ǫ→0
µ
de
dµ
, β(λ) = lim
ǫ→0
µ
dλ
dµ
, γ
A
(e) = lim
ǫ→0
µ
2
d
dµ
lnZ
3
. (3.5)
Moreover, if we can consider the other two two-point functions, we find the anomalous dimen-
sions for the scalar and ghost fields, γ
φ
= µ
2
d
dµ
lnZ
2
and γc =
µ
2
d
dµ
ln Z˜
3
, respectively. We now
proceed in computing the one-loop-order radiative corrections to the basic functions so that
the respective renormalization constants can be determined, allowing us to find the basic β
and γ functions.
4 Radiative corrections
In this section, we shall compute the one-loop correction to the scalar self-energy, polarization
tensor, ghost self-energy, and three-point and four-point vertex parts
〈
φ†φA
〉
,
〈
φ†φAA
〉
, and〈
φ†φφ†φ
〉
. With these expressions, we shall then proceed to determine the β function for the
NC-SQED.
4.1 One-loop scalar self-energy
We start by computing now the simplest one-loop contribution that is the scalar self-energy.
The corresponding graphs are depicted at Fig. 1. Their explicit expressions read
Σ(a)(p) = −e
2µ4−d
∫
ddk
(2π)d
(2p− k)2
k2 ((p− k)2 −m2)
,
Σ(b)(p) = 2de
2µ4−d
∫
ddk
(2π)d
1
k2
,
Σ(c)(p) =
(
λ1 +
λ2
2
)
µ4−d
∫
ddk
(2π)d
1
k2 −m2
+
λ2
2
µ4−d
∫
ddk
(2π)d
eip∧k
k2 −m2
(4.1)
that the momentum integral on the contribution (b) is vanishing by dimensional regularization,
i.e. Σb(p) = 0. Moreover, we see that the contribution (a) is purely planar, while in the graph
8
Figure 2: One-loop self-energy graphs for the gauge field.
(c) noncommutative effects are present. Besides, notice that the nonplanar term from Σ(c)
is proportional to λ2 (|p˜|m)
1− d
2 K1− d
2
(|p˜|m). But when the limit d → 4+ is taken, we see
that this term is singular when p → 0, i.e., 1
|p˜|2
and ln(|p˜|m), which is a manifestation of the
known UV/IR mixing. Fortunately, this UV/IR mixing is fully removed in the case in which
λ2 = 0 [18].
The remaining momentum integral can be computed by standard Feynman integration
and dimensional regularization, and it results in
Σ
1−loop
(p) = Σ(a)(p) + Σ(b)(p) + Σ(c)(p)
= −
ie2
4π2ǫ′
(
p2 +
m2
2
)
+
im2
8π2ǫ′
(
λ1 +
λ2
2
)
+ finite, (4.2)
where we have defined by convenience 2
ǫ′
= 2
ǫ
− γ + log (4πµ2), and ǫ = 4 − d → 0+. Now,
making use of the renormalized Lagrangian, we find that the renormalization conditions imply
that
−
ie2
4π2ǫ′
(
p2 +
m2
2
)
+
im2
8π2ǫ′
(
λ1 +
λ2
2
)
+ i(δ
2
p2 − δm) = 0, (4.3)
so the expressions for the counterterms are
δ
2
=
e2
4π2ǫ′
, δm = −
e2m2
8π2ǫ′
+
m2
8π2ǫ′
(
λ1 +
λ2
2
)
. (4.4)
As we observe, Z2 does not receive any contribution from the self-interaction term for the
scalar fields while the constant Zm is clearly changed.
In particular, we can then make use of Z
2
= 1 + δ
2
and find the renormalization constant
of the matter sector as
Z
2
= 1 +
e2
4π2ǫ′
, (4.5)
which is the same as in the commutative case.
4.2 One-loop photon self-energy
We have five graphs contributing to the photon polarization tensor at one-loop order; these
are given in Fig. 2. The interaction among the gauge and charged scalar fields is given by
9
graphs (a) and (b); graph (c) comes from the cubic self-coupling of the gauge-field; graph (d)
is the tadpole contribution; and graph (e) comes from the ghost loop. Let us consider first
the contributions from graphs (a) and (b):
Πµν(a)(p) = e
2µ4−dNB
∫
ddk
(2π)d
(2k − p)µ(2k − p)ν
(k2 −m2)((k − p)2 −m2)
,
Πµν(b)(p) = −2e
2µ4−dNB
∫
ddk
(2π)d
gµν
k2 −m2
. (4.6)
Notice once again the absence of noncommutative effects in these contributions. It is conve-
nient to rewrite these two contributions together so that using the Feynman parametrization
method we have
Πµνa+b(p) = e
2µ4−dNB
∫ 1
0
dy
∫
ddQ
(2π)d
[
(1 + 4y2 − 4y)pµpν + (−4y2 + 6y − 2)gµνp2
(Q2 −∆)2
−
2gµν
(Q2 −∆)
+
4
d
gµνQ2
(Q2 −∆)2
]
, (4.7)
where Q = k − yp and ∆ = y(y − 1)p2 + m2. The remaining integration can be readily
evaluated and we find
Πµνa+b(p) =
ie2
24π2ǫ′
(pµpν − gµνp2)NB + finite, (4.8)
where N
B
is the number of independent scalar bosons with charge ±1. As one should naively
expect from the results from ordinary scalar QED, the above result is consistent with the
Ward identity. The remaining three diagrams (c), (d), and (e) are given by
Πµν(c)(p) = e
2µ4−dC(c)
∫
ddk
(2π)d
(
1− cos (k ∧ p)
k2(p+ k)2
)
N
µν
(c) , (4.9)
Πµν(d)(p) = e
2µ4−dC(d)
∫
ddk
(2π)d
(
1− cos (k ∧ p)
k2(p+ k)2
)
N
µν
(d), (4.10)
Πµν(e)(p) = e
2µ4−dC(e)
∫
ddk
(2π)d
(
1− cos (k ∧ p)
k2(p+ k)2
)
N
µν
(e) , (4.11)
where their tensor structures at the numerator are
N
µν
(c) = 2
[
(d− 6)pµpν + (2d− 3)(pµkν + kµpν) + (4d− 6)kµkν + (5p2 + 2k2 + 2p.k)gµν
]
,
N
µν
(d) = 4g
µν(p+ k)2(d− 1),
N
µν
(e) = 2(p+ k)
νkµ, (4.12)
and also notice that the symmetry factors of them are C(c) =
1
2
, C(d) =
1
2
and C(e) = −1,
respectively. Moreover, we can cast all three of these contributions into a common expression,
Πµνc+d+e = Π
µν
(c) +Π
µν
(d) +Π
µν
(e), (4.13)
so that it reads
Πµνc+d+e = e
2µ4−d
∫ 1
0
dx
∫
ddQ
(2π)d
(
1− cos [Q ∧ p]
(Q2 −∆1)2
)
N
µν
c+d+e, (4.14)
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the tensor structure is given as
N
µν
c+d+e =
(
d− 6 + x2(4d− 8)− x(4d− 8)
)
pµpν +
(
3 + 2d+ 2dx2 − x(4d− 2)
)
p2gµν ,
+ (4d− 8)QµQν + 2dQ2gµν , (4.15)
where Q = k + xp and ∆1 = x(x− 1)p
2.
From Eq. (4.14), we find for the first time the presence of noncommutative effects on the
one-loop functions so that noncommutativity will engender new features on the β-function
expression as we expected. We shall next compute separately the planar and nonplanar
contributions. The planar part is evaluated straightforwardly, and it reads
(Πµνc+d+e)p =
ie2
8π2ǫ′
10
3
(
p2gµν − pµpν
)
+ finite. (4.16)
The nonplanar contribution of Eq. (4.14) can be computed with the help of the integrals
∫
ddq
(2π)d
1
(q2 − s2)α
eik∧q =
2i (−)α
(4π)
d
2
1
Γ (α)
1
(s2)α−
d
2
(
|k˜|s
2
)α− d
2
Kα− d
2
(
|k˜|s
)
, (4.17)
and ∫
ddq
(2π)d
qµqν
(q2 − s2)α
eik∧q = ηµνFα +
k˜µk˜ν
k˜2
Gα, (4.18)
where
{Fα, Gα} =
i (−)α−1
(4π)
d
2
1
Γ (α)
1
(s2)α−1−
d
2
{fα, gα} , (4.19)
with the definitions
fa =
(
s|k˜|
2
)α−1− d
2
Kα−1− d
2
(
|k˜|s
)
, (4.20)
gα = (2α− 2− d)
(
s|k˜|
2
)α−1− d
2
Kα−1− d
2
(
|k˜|s
)
− 2
(
s|k˜|
2
)α− d
2
Kα− d
2
(
|k˜|s
)
. (4.21)
Nonetheless, we find that the nonplanar part is UV finite when ǫ = 4− ω → 0+ and does not
have any effect on the β function. On the other hand, the nonplanar part is proportional to
terms e2 (|p˜|m)1−
d
2 K1− d
2
(|p˜|m) and e2 (|p˜|m)2−
d
2 K2− d
2
(|p˜|m), which in turn are singular when
d → 4+ and p → 0; i.e., they behave as 1
|p˜|2
and ln(|p˜|m), which are a manifestation of the
known UV/IR mixing. Although the UV/IR mixing could be removed from the scalar sector
by a choice of λ2 = 0, we lack of a suitable set of parameters in order to remove it in the
gauge field sector without making the theory trivial. Hence, in this sense, this UV/IR mixing
jeopardize the dynamics of the gauge field.
It is notable that, although the nonplanar part does not contribute to the β function,
the planar part (4.16) has an origin precisely from the noncommutativity, since graphs (c),
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Figure 3: One-loop self-energy graph for the ghost field.
(d), and (e) do not appear in the ordinary theory. In this way, noncommutativity effects are
encoded in the contribution (4.16).
Hence, the complete one-loop-order correction to the photon self-energy is given by
Πµν
1−loop
=
ie2
16π2ǫ′
(
20
3
−
2NB
3
)(
p2gµν − pµpν
)
+ finite, (4.22)
and by taking into account the renormalized polarization tensor, the renormalization condition
shows that the counterterm δ
3
satisfies the relation
ie2
16π2ǫ
(
20
3
−
2NB
3
)(
p2gµν − pµpν
)
− iδ
3
(gµνp2 − pµpν) = 0. (4.23)
Finally, by means of Z
3
= 1+ δ
3
, we can compute the renormalization constant related to the
photon sector
Z
3
= 1 +
e2
16π2ǫ′
(
20
3
−
2NB
3
)
. (4.24)
This is one of the main results in order to determine the β function. However, one might
wish to compare Eq. (4.24) with the expression from the commutative scalar QED, where
the renormalization constant of the gauge field comes solely from Eq. (4.8) and is given by
Z
3
= 1− e
2NB
24π2ǫ′
. It is worth mentioning that in commutative Yang-Mills gauge theories coupled
to the scalar fields with an arbitrary number of bosons the renormalization constant of the
non-Abelian gauge field is described by [24]
Z
3
= 1 +
g2
16π2ǫ′
(
10
3
C2(G)−
2NB
3
C(r)
)
, (4.25)
where C2(G) is the quadratic Casimir operator of the adjoint representation and C(r) is a
constant for each representation.
4.3 One-loop ghost self-energy
The calculation of the ghost self-energy is straightforward since it comes from only one graph,
depicted in Fig. 3. The given contribution reads
G (p) = 2e2µ4−d
∫
ddk
(2π)d
p. (p− k)
k2 (p− k)2
(
1− eik∧p
)
. (4.26)
The planar part of this expression yields
(G)p (p) =
ie2
8π2ǫ′
p2 + finite, (4.27)
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while the nonplanar part is UV finite. However, the nonplanar part is proportional to terms
e2 (|p˜|m)2−
d
2 K2− d
2
(|p˜|m), which in turn is singular when d → 4+ and p → 0, i.e., behaving
as ln(|p˜|m), which is a manifestation of the known UV/IR mixing. Once again, this UV/IR
mixing cannot be removed, although it does not jeopardize the dynamics of the nonphysical
ghost field. Thus, the respective ghost renormalization constant by making use of Z˜
3
= 1+ δ˜
3
is given by
Z˜
3
= 1 +
e2
8π2ǫ′
, (4.28)
and it plays an important part in establishing the full set of renormalization constants.
4.4 One-loop correction to the three-point vertex part
〈
φ†φA
〉
We now turn our attention to the calculation of the one-loop correction to the vertex part〈
φ†φA
〉
. Here, p and p′ are the momenta of the incident and emergent scalar fields, and
q = p − p′ is the transferred momentum to the gauge field. The corresponding diagrams are
shown in Fig. 4.
Let us start by computing the contributions from graphs (a) and (b):
Λµ(a)(p, p
′) = e2µ4−d
∫
ddk
(2π)d
(2p− k)µ
k2 ((p− k)2 −m2)
e
i
2
p∧p′
(
eik∧q + 1
)
, (4.29)
Λµ(b)(p, p
′) = e2µ4−d
∫
ddk
(2π)d
(2p′ − k)µ
k2 ((p′ − k)2 −m2)
e
i
2
p∧p′
(
eik∧q + 1
)
. (4.30)
We observe that, apart from the phase factor e
i
2
p∧p′, diagrams (a) and (b) are related by the
symmetry replacement p ↔ p′. In this way we can compute the contribution of (b) based on
the results of (a). We proceed now to compute separately the planar part of Eq. (4.29)
Λµ(a)
∣∣
p
= e2µ4−de
i
2
p∧p′
∫
ddk
(2π)d
(2p− k)µ
k2 ((p− k)2 −m2)
=
3ie2
16π2ǫ′
pµe
i
2
p∧p′ + finite, (4.31)
and with help of Eq. (4.17), we can compute the nonplanar part
Λµ(a)
∣∣
n−p
= e2µ4−de
i
2
p∧p′
∫
ddk
(2π)d
(2p− k)µ
k2 ((p− k)2 −m2)
eik∧q, (4.32)
and show that it is also UV finite when ǫ = 4 − d → 0+. Based on the above discussion, on
the symmetry argument, we can determine the contribution of graph (b) from Eq. (4.31) as
being
Λµ(b)
∣∣
p
=
3ie2
16π2ǫ′
p′µe
i
2
p∧p′ + finite, (4.33)
Λµ(b)
∣∣
n−p
= finite. (4.34)
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Figure 4: One-loop graphs contributing to three-point vertex
〈
φ†φA
〉
.
Finally, we find that the contributions of the diagrams (a) and (b) can be expressed conve-
niently as
Λµ(a+b)
∣∣
p
=
3ie2
16π2ǫ′
(p+ p′)µe
i
2
p∧p′ + finite. (4.35)
Moreover, the expression of the graph (c) is given by
Λµ(c)(p, p
′) = −e2µ4−de
i
2
p∧p′
∫
ddk
(2π)d
(2p− k).(2p′ − k)(p+ p′ − 2k)µ
k2((p′ − k)2 −m2)((p− k)2 −m2)
eik∧q, (4.36)
and we can perform the momentum integration with help of Eqs. (4.17) and (4.18). But first
notice that this graph is purely nonplanar and UV finite when the limit of ǫ = 4− d→ 0+ is
taken. Hence, this diagram does not contribute to the β function
Λµ(c)(p, p
′) = finite, (4.37)
while its commutative counterpart is divergent in this limit. So far, we have computed dia-
grams similar to those of ordinary scalar QED. The following contributions, graphs (d) and
(e), are engendered by noncommutativity, so we shall actually obtain the noncommutative
contribution to this vertex function. We compute next the diagram (d), the expression of
which is
Λµ(d) = e
2µ4−de
i
2
(p∧p′)Γ(3)
∫ 1
0
dy
∫ 1−y
0
dz
∫
ddQ
(2π)d
(
1− e−iq∧(Q+zp)
)
N
µ
(d)
(Q2 −∆)3
, (4.38)
where ∆ = (yq+ zp)2 − yq2− zp2 + zm2, Q = k− yq− zp, and the numerator Nµ(d) is defined
as
N
µ
(d) =
[
Q− (1 + y)p′ + (1 + y + z)p
]
.
[
(1− y − z)p + (1 + y)p′ −Q
][
(2− z − y)p+ yp′ −Q
]µ
+
[
(2− z − y)p+ yp′ −Q
]
.
[
Q+ (2− y)p′ + (z + y − 2)p
][
(1− y − z)p + (1 + y)p′ −Q
]µ
+
[
(2− z − y)p−Q+ yp′
]
.
[
(1− y − z)p + (1 + y)p′ −Q
][
(1− 2y − 2z)p− (1− 2y)p′ − 2Q
]µ
.
(4.39)
We can proceed and separate the different powers of Q in the numerator so that after com-
puting the momentum and Feynman integrals we obtain the result for the planar part,
Λµ(d)
∣∣
p
= −
3ie2
16π2ǫ′
(p+ p′)µe
i
2
p∧p′ + finite, (4.40)
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while we see that the nonplanar contribution is UV finite in this case Λµ(d)
∣∣
n−p
= finite. Hence,
the contribution of this diagram to the respective renormalization constant is precisely
Λµ(d) = −
3ie2
16π2ǫ′
(p+ p′)µe
i
2
p∧p′ + finite. (4.41)
This is the first noncommutative contribution to this vertex function (also to the respective
renormalization constant). We shall next compute the diagram (e), which is also due to
noncommutativity. The graph (e) has the expression
Λµ(e) = −2e
2µ4−d(1− d)e
i
2
p∧p′
∫ 1
0
dy
∫
dωQ
(2π)d
2Qµeiq∧Q
(Q2 −∆)2
, (4.42)
with Q = k − yq and ∆ = y(y − 1)q2. Once again, we see a purely nonplanar graph, so when
the limit ǫ = 4− d→ 0+ is taken, we get a UV finite result
Λµ(e) = finite. (4.43)
Finally, we consider graph (f),
Λµ(f) = e
∫
ddk
(2π)d
(q − 2k)µ
(k2 −m2)((q − k)2 −m2)
e
i
2
q∧k
×
[
λ1 cos
(p′ ∧ p+ q ∧ k
2
)
+ λ2 cos
(p′ ∧ k
2
)
cos
(p ∧ q − p ∧ k
2
)]
(4.44)
the contribution of which is UV finite when the limit ǫ = 4−d→ 0+ is taken, so that we have
Λµ(f) = finite. (4.45)
Notice that the finiteness of this result is independent of the couplings e, λ1, and λ2.
Therefore, the total one-loop contribution is found by summing all the obtained results
Eqs. (4.35), (4.37), (4.41), and (4.45); thus,
Λµ
1−loop
(p) = finite. (4.46)
We note that the divergent parts of Eqs. (4.35) and (4.41) are mutually cancelled, so the
one-loop-order correction to the vertex part Λµ
1−loop
(p), corresponding to the vertex
〈
φ†φA
〉
, is
finite due to noncommutative effects. This result is in agreement with the analysis performed
in Ref. [18], in which the authors have shown that noncommutative scalar QED4 in adjoint
representation is one-loop renormalizable. This result is in contrast to its commutative coun-
terpart which gives a divergent contribution to the vertex part. In fact, since we have a UV
finite expression for the one-loop correction, the renormalization condition for the vertex part
yields
Λµ
1−loop
(p)
∣∣∣∣
div.
− iδ
1
(p+ p′)µe
i
2
p∧p′ = 0, (4.47)
thus we conclude that δ
1
= 0, and consequently the renormalization constant reads
Z
1
= 1. (4.48)
Surprisingly we see that the noncommutative contribution to the vertex part Λµ
1−loop
(p) is such
that the ordinary divergent terms are exactly cancelled, rendered a UV finite expression at
one-loop order, unlike the commutative result which reads Z
1
|com. = 1 +
e2
4π2ǫ′
.
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Figure 5: One-loop graphs contributing to four-point vertex
〈
φ†φAA
〉
.
4.5 One-loop correction to the four-point vertex part
〈
φ†φAA
〉
The last point that we will discuss in this section, in order to compute the gauge coupling β
function, is the calculation of the four-point vertex part
〈
φ†φAA
〉
, which is the fourth basic
function and is related to Compton’s scattering. The 12 diagrams that contribute to this
function at one-loop order are shown in the Fig. 5. We realize that the diagrams (a), (c), (f),
(g), (j), (m), and (n) are the same from the ordinary commutative theory, while the diagrams
(b), (d), (e), (h), (i), (k), and (l) originated from the noncommutativity. For this reason, we
will discuss these two classes of diagrams separately in order to highlight the part played by
the noncommutative effects.
Let us summarize the expressions corresponding to the (commutative) diagrams (a), (c),
(f), (g), (j), (m), and (n) written in a simplified form:
Ξµν(a) = −e
2µ4−dgµν e
i
2
p∧p′e
i
2
s∧q
∫
ddk
(2π)ω
[
1 + eik∧q + eik∧(q−s) + e−ik∧s
]
k2 ((p′ − s− k)2 −m2)
, (4.49)
Ξµν(c) = e
2µ4−dgµνe−
i
2
p′∧p
(
e
i
2
s∧q + e−
i
2
s∧q
)
×
∫
ddk
(2π)d
(k + q − p′ − s).(k − p)
((p+ k)2 (k2 −m2)
(
(s− q − k)2 −m2
)e i2k∧(p′−2p), (4.50)
Ξµν(f) = e
2µ4−de
i
2
q∧p′e
i
2
p∧s
×
∫
ddk
(2π)d
(2p− k)µ (2p− 2k + s)ν
k2
(
(p− k + s)2 −m2
) (
(p− k)2 −m2
)[ei(s−q)∧k + eis∧k], (4.51)
Ξµν(g) = e
2µ4−de
i
2
q∧p′e
i
2
p∧s
×
∫
ddk
(2π)d
(2p′ − k)µ (p′ + p− 2k + s)ν
k2
(
(p− k + s)2 −m2
) (
(p′ − k)2 −m2
)[ei(s−q)∧k + eiq∧k], (4.52)
Ξµν(j) = −e
2µ4−de
i
2
p∧se
i
2
q∧p′
×
∫
ddk
(2π)d
(2p′ − 2k + q)µ (2p− 2k + s)ν (2p− k) . (2p′ − k)
k2
(
(p− k)2 −m2
) (
(p− k + s)2 −m2
) (
(p′ − k)2 −m2
)ei(s−q)∧k, (4.53)
Ξµν(m) = e
2
∫
ddk
(2π)d
(q − 2k)µ(2q − s− 2k)ν
((q − k)2 −m2)((q − s− k)2 −m2)(k2 −m2)
e−
i
2
q∧ke
i
2
(−s)∧(q−k)
×
[
λ1 cos
(p′ ∧ p+ k ∧ (p′ − p)
2
)
+ λ2 cos
(p′ ∧ k
2
)
cos
(p ∧ p′ − k ∧ p
2
)]
(4.54)
Ξµν(n) = 2ie
2gµν
∫
ddk
(2π)d
1
(k2 −m2)((p− p′ + k)2 −m2)
e
i
2
k∧(p−p′) cos
(q ∧ s
2
)
×
(
λ1 cos
(p′ ∧ p+ (p− p′ + k) ∧ k
2
)
+ λ2 cos
(p′ ∧ (p− p′ + k)
2
)
cos
(p ∧ k
2
))
. (4.55)
By a simple analysis, we readily conclude that the contributions from diagrams (c), (f), (g)
and (j), Eqs. (4.50), (4.51), (4.52), and (4.53) are nonplanar, which actually means that they
are UV finite when ǫ = 4−d→ 0+, showing that they do not contribute to the renormalization
constant Z
4
(i.e., to the β function). On the other hand, graphs (m) and (n), Eqs. (4.54) and
(4.55) have both planar and nonplanar parts. As usual, the nonplanar parts are UV finite
when ǫ = 4 − d → 0+, showing again that they do not contribute to the β function. Now, if
we compute the planar parts of both graphs, we can show that, though they are separately
UV divergent when ǫ = 4− d→ 0+, their sum is actually finite
Ξµν(m) + Ξ
µν
(n) = finite. (4.56)
At last, we consider the remaining contributions. For graph (a), Eq. (4.49), we find a contri-
bution from the planar part to the β function, so the full expression reads
Ξµν(a)(p) = −
ie2
4π2ǫ′
gµνe
i
2
p∧p′ cos
(q ∧ s
2
)
+ finite. (4.57)
The remaining contributions, which consist of the second class of diagrams (b), (e), (i),
(k) and (l), coming from the noncommutativity, are given as
Ξµν(b) =
3ie2
4π2ǫ′
gµνe
i
2
p∧p′ cos
(q ∧ s
2
)
+ finite, (4.58)
Ξµν(e) =
9ie2
16π2ǫ′
gµνe
i
2
p∧p′ cos
(q ∧ s
2
)
+ finite, (4.59)
Ξµν(i) =
−3ie2
16π2ǫ′
gµνe
i
2
p∧p′ cos
(q ∧ s
2
)
+ finite, (4.60)
Ξµρ(k) =
−3ie2
16π2ǫ
gµνe
i
2
p∧p′ cos
(q ∧ s
2
)
+ finite, (4.61)
Ξµν(ℓ) =
−3ie2
16π2ǫ
gµνe
i
2
p∧p′ cos
(q ∧ s
2
)
+ finite, (4.62)
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while the results from graphs (d) and (h) are purely nonplanar, and thus give simply a finite
contribution
Ξµν(d) = finite, (4.63)
Ξµν(h) = finite. (4.64)
We can finally determine the complete one-loop-order correction to the four-point vertex
function by summing all 12 contributions computed above so that it yields
Ξµν
1−loop
=
ie2
2π2ǫ′
gµνe
i
2
p∧p′ cos
(s ∧ q
2
)
+ finite. (4.65)
The respective renormalization condition for the four-point vertex function implies that the
divergent part satisfies the relation
Ξµν
1−loop
∣∣∣
div.
+ 2ie2δ
4
gµνe
i
2
p∧p′ cos
(s ∧ q
2
)
= 0, (4.66)
so that the counterterm δ
4
can readily be evaluated.
Hence, the relevant renormalization constant is obtained by Z
4
= 1 + δ
4
,
Z
4
= 1−
e2
4π2ǫ′
. (4.67)
Although the quartic vertex
〈
φ†φφ†φ
〉
has played an important part when investigating
the IR behavior of the scalar field self-energy, it has no effect whatsoever in the remaining
terms, i.e., in the physical quantities involving the β and γ functions. We shall now con-
sider the correction to the vertex function and highlight its fundamental role with regard to
renormalizability.
4.6 One-loop correction to the four-point vertex part
〈
φ†φφ†φ
〉
Although we have computed all the relevant renormalization constants in order to compute
the gauge coupling β function, we now proceed in computing the renormalization constant
related to the λ1 and λ2 couplings. For that matter, we consider the one-loop graphs (a)–(i)
depicted in Fig. 6.
Let us start with the simplest contribution, which actually come from the gauge coupling,
graphs (a)–(d). We see that the graphs (a) and (b) are related due to crossing symmetry, and
the same is true for (c) and (d). Hence, we can compute the contributions (a) and (c) as
Υ(a) = 2e
4e
i
2
p∧qe
i
2
p′∧s
∫
ddk
(2π)d
d
(p− q − k)2k2
(
1 + cos
(
k ∧ (q − p)
))
(4.68)
Υ(c) = −e
4e
i
2
p∧qe
i
2
p′∧s
∫
ddk
(2π)d
(p′ + s− k).(2s− k)
k2((s− k)2 −m2)(p− q − k)2
(
1 + ei(p−q)∧k
)
(4.69)
It is easy to notice that the nonplanar parts of the above contributions are UV finite and
hence do not contribute to the renormalization constant. Hence, focusing in the divergent
part of the planar part, we find that the contribution from the (a), (b), (c), and (d) graphs is
Υ(a+b+c+d) =
3ie4
4π2ǫ′
cos
(p ∧ q + p′ ∧ s
2
)
+ finite (4.70)
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Figure 6: One-loop graphs contributing to four-point vertex
〈
φφ†φφ†
〉
.
Moreover, the contributions (e) and (f) are nonplanar (due to noncommutativity), so they are
UV finite, not contributing to the renormalization constant. At last, the contributions (g),
(h), and (i) are more complex due to the vertex structure but are not related to each other.
Computing the divergent part of the planar part of these contributions, we find
Υ(g+h+i) =
i
8π2ǫ′
[(
λ21 +
λ22
4
)
cos
(q ∧ p+ s ∧ p′
2
)
+
(
λ1λ2 +
λ22
4
)
cos
(p′ ∧ p
2
)
cos
(s ∧ q
2
)]
(4.71)
Hence, summing up all the contributions, Eqs.(4.70) and (4.71), we finally find the total
contribution to the vertex function
Υtotal =
i
8π2ǫ′
[(
λ21 +
λ22
4
+ 6e4
)
cos
(q ∧ p+ s ∧ p′
2
)
+
(
λ1λ2 +
λ22
4
)
cos
(p′ ∧ p
2
)
cos
(s ∧ q
2
)]
. (4.72)
The renormalization constants are then found by applying the respective conditions
Zλ1 = 1 +
1
8π2ǫ′
[
λ1 +
λ22
4λ1
+
6e4
λ1
]
, Zλ2 = 1 +
1
8π2ǫ′
[
λ1 +
λ2
4
]
(4.73)
The divergent structure of these renormalization constants corroborates the need to add the
quartic self-coupling for the charged fields, the primitive divergent vertices of which yield the
renormalization of such coupling constants.
With this expression we conclude the section regarding the calculation of radiative correc-
tion, and next we use the renormalizability analysis previously established in order to compute
basic β and γ functions.
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5 β function and anomalous dimensions
Finally, based on the renormalization analysis developed in Sec. 3, we have that the β function
in this case is given by
β(e) = µ
de(µ)
dµ
, β(λ) = µ
dλ(µ)
dµ
, (5.1)
where we recall that the relation between bare and dressed couplings is given either by e0 =
eZ−1/2
3
Z−1
2
Z
1
or alternatively by eZ1/2
4
Z−1/2
3
Z−1/2
2
.
Hence, by making use of the results for the renormalization constants Z
2
, Z
3
, Z˜
3
, Z
1
and
Z
4
, Eqs. (4.5), (4.24), (4.28), (4.48) and (4.67), respectively, we find for the one-loop order
β(e)
β(e)
∣∣∣∣
NC−SQED
= −
e3
16π2
(
22
3
−
NB
3
)
, (5.2)
and from the expressions for Zλ1 and Zλ2 Eqs.(4.73) we obtain the one-loop β function for
couplings of the scalar self-interaction sector
β(λ1) =
1
8π2
[
λ21 +
λ22
4
+ 6e4 − 4e2λ1
]
, β(λ2) =
1
8π2
[
λ1λ2 +
λ22
4
− 4e2λ2
]
. (5.3)
We observe that for small values of NB in Eq. (5.2) the sign of β(e) is negative, and conse-
quently the theory is asymptotically free, similar to the β function of the non-Abelian gauge
theories coupled to the matter with a small number of boson or fermion flavors. Furthermore,
the result (5.3) shows that the sign of β(λ1) and β(λ2) in the absence of the gauge fields is
positive, as we expected [23]. Moreover, the anomalous dimensions of the scalar, gauge, and
ghosts fields are readily obtained
γ
φ
=
e2
8π2
, γ
A
=
e2
16π2
(
10
3
−
NB
3
)
, γc =
e2
32π2
. (5.4)
The result (5.2) can be compared to the one-loop β(e) of NC-QED [11],
β(e)
∣∣∣∣
NC−QED
= −
e3
16π2
(
22
3
−
4NF
3
)
. (5.5)
We see that both results are similar and just the contribution of the matter sector is different.
Indeed, in the absence of the matter sector, the contribution of the gauge part to the β(e) is
the same, and this shows the correctness of our result. Besides, the coefficient appearing in
the matter part of the NC-QED is four times that of the NC-SQED. This, indeed, comes from
the trace over the gamma matrices in d = 4, which indicates the spinor nature of the matter
field in the NC-QED that actually, when compared to the NC-SQED, has intrinsic angular
momentum (spin).
We may as well compare the present result (5.2) with the β function of the commutative
Yang-Mills theory coupled to the scalar fields
β(e)
∣∣∣∣
SYM
= −
e3
16π2
(
11
3
C2 (G)−
2NB
3
C (r)
)
, (5.6)
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in which for gauge fields in the adjoint representation C2(G) = Nc, while for matter fields in
the fundamental (or antifundamental) representation, C(r) = 1
2
. As we see, the comparison
of the results (5.2) and (5.6) yields C2(G) = 2. Consequently, the obtained result for the β(e)
of the NC-SQED (5.2) is exactly the same as the β function for the Yang-Mills theory in the
presence of the scalar matter fields with the SU(2) gauge group [24, 25].
6 Concluding remarks
In this paper, we have considered the scalar QED defined in a noncommutative spacetime,
established its renormalizability, and computed the one-loop-order radiative corrections. In ad-
dition, we have shown the BRST Slavnov transformations leaving the gauge-fixed Lagrangian
invariant and discussed how the discrete symmetries are changed under the noncommutative
setup.
The multiplicative renormalization has been applied to the NC scalar QED so that the
respective counterterm Lagrangian was obtained. Moreover, the Slavnov-Taylor identities
were used in order to show a series of identities relating all the renormalization constants
of the theory. These identities are valuable since they allow us to determine the remaining
constants from the knowledge of some renormalization constants without further calculation.
To conclude the section, we wrote the renormalized group equation for the two-point function
for the gauge field in order to introduce the β function for the gauge coupling and the γ
function for the dynamical fields.
After establishing the renormalization of the model, we proceeded to compute the one-loop-
order radiative corrections to the basic functions. We have chosen to compute the simpler
radiative contributions that allowed us to determine the full set of renormalization constants:
gauge, charged scalar and ghost fields self-energies, three- and four-point vertex functions〈
φ†φA
〉
,
〈
φ†φAA
〉
and
〈
φ†φφ†φ
〉
, respectively. We called special attention to those graphs
that were exclusively from noncommutative nature, going to zero at the commutative limit;
in particular, we discussed in detail the UV/IR mixing in the respective self-energy functions.
Only the counterterm δ1 related to the vertex
〈
φ†φA
〉
had a null value (finite contribution
only), all the other counterterms absorbed the respective divergent part of the self-energy and
vertex functions. It should be emphasized that, based on the obtained results, the remaining
renormalization constants Z
3A
, Z
4A
, and Z˜
1
can immediately be determined by means of the
gauge identities (3.3).
To conclude, we computed the β function for the gauge coupling and scalar self-coupling
and the anomalous dimensions for the dynamical fields (Aµ, φ, c¯, c). To highlight the obtained
result for the β(e), we compared it with the NC-QED and commutative SYM β function
expressions; as a matter of fact, the gauge sector is strictly the same, and differences are only
found in the matter sector contribution.
Acknowledgments
The authors would like to thank the anonymous referee for his/her comments and suggestions
to improve this paper. We would like to thank M. Khorrami and M. Arjang for useful discus-
sion. R. B. thankfully acknowledges CNPq for partial support, Project No. 304241/2016-4.
21
References
[1] R. Feynman, QED: The Strange Theory of Light and Matter, (Princeton University,
Princeton, NJ, 1985).
[2] D. Hanneke, S. Fogwell, and G. Gabrielse, New Measurement of the Electron Magnetic
Moment and the Fine Structure Constant, Phys. Rev. Lett. 100, 120801 (2008).
[3] S. Weinberg, Modern Applications, The Quantum Theory of Fields (Cambridge Univer-
sity Press, Cambridge, England, 2005), Vol. 2.
[4] M. Srednicki, Quantum Field Theory (Cambridge University Press, Cambridge, England,
2007).
[5] K.G. Chetyrkin, A.L. Kataev and F.V. Tkachov, New approach to evaluation
of multiloop Feynman integrals: The Gegenbauer polynomial x space technique,
Nucl. Phys. B174, 345 (1980).
[6] K.G. Chetyrkin, S.G. Gorishnii, A.L. Kataev, S.A. Larin and F.V. Tkachov, Scalar
quarks: Higher corrections to σtot(e
+e− → Hadrons),Phys. Lett. 116B, 455 (1981).
[7] M.R. Douglas and N. Nekrasov, Noncommutative field theory,
Rev. Mod. Phys. 73, 977 (2001); R.J. Szabo, Quantum field theory on noncommutative
spaces, Phys. Rep. 378, 207 (2003); I. Hinchliffe, N. Kersting and Y. L. Ma, Review of
the phenomenology of noncommutative geometry, Int. J. Mod. Phys. A 19, 179 (2004).
[8] G. Amelino-Camelia, Quantum-spacetime phenomenology,
Living Rev. Relativ. 16, 5 (2013).
[9] G. Amelino-Camelia, Challenge to macroscopic probes of quantum spacetime based on
noncommutative geometry, Phys. Rev. Lett. 111, 101301 (2013).
[10] C. P. Martin and D. Sanchez-Ruiz, The one loop UV divergent structure of U(1) Yang-
Mills theory on noncommutative R4, Phys. Rev. Lett. 83, 476 (1999).
[11] M. Hayakawa, Perturbative analysis on infrared aspects of noncommutative QED on R4,
Phys. Lett. B 478, 394 (2000).
[12] D. N. Blaschke, E. Kronberger, A. Rofner, M. Schweda, R. I. P. Sedmik and M. Wohlge-
nannt, On the problem of renormalizability in non-commutative gauge field models: A
critical review, Fortsch. Phys. 58, 364 (2010).
[13] D. N. Blaschke, S. Hohenegger and M. Schweda, Divergences in non-commutative gauge
theories with the Slavnov term, JHEP 0511, 041 (2005).
[14] C. P. Martin, D. Sanchez-Ruiz and C. Tamarit, The Noncommutative U(1)
Higgs-Kibble model in the enveloping-algebra formalism and its renormalizability,
JHEP 0702, 065 (2007).
[15] H. Grosse and R. Wulkenhaar, Renormalization of φ4 theory on noncommutative R2 in
the matrix base, JHEP 0312, 019 (2003).
22
[16] H. Grosse and R. Wulkenhaar, Renormalization of φ4 theory on noncommutative R4 to
all orders, Lett. Math. Phys. 71, 13 (2005).
[17] D. D’Ascanio, P. Pisani and D. V. Vassilevich, Renormalization on noncommutative torus,
Eur. Phys. J. C 76, 180 (2016).
[18] I. Y. Arefeva, D. M. Belov, A. S. Koshelev and O. A. Rychkov, Renor-
malizability and UV/IR mixing in noncommutative theories with scalar fields,
Phys. Lett. B 487, 357 (2000) .
[19] C. P. Martin and D. Sanchez-Ruiz, The BRS invariance of noncommutative U(N) Yang-
Mills theory at the one loop level, Nucl. Phys. B598, 348 (2001).
[20] M. M. Sheikh-Jabbari, C, P, and T invariance of noncommutative gauge theories,
Phys. Rev. Lett. 84, 5265 (2000).
[21] S. Pokorski, Gauge Field Theories Cambridge University Press, Second edition 2000.
[22] B. Charneski, M. Gomes, T. Mariz, J. R. Nascimento and A. J. da Silva, Slavnov-Taylor
identities for noncommutative QED4, Phys. Rev. D 81, 105025 (2010).
[23] S. Weinberg, Modern Applications, The Quantum Theory of Fields, (Cambridge Univer-
sity Press, Cambridge, England, 1st ed., 1996), Vol. 2.
[24] M. E. Peskin, D. V. Schroeder, An Introduction to Quantum Field Theory, (Addison-
Wesley, Reading, MA, 1995).
[25] M. A. L. Capri, D. Fiorentini and S. P. Sorella, Yang-Mills theory in the maximal Abelian
gauge in presence of scalar matter fields, Phys. Rev. D 91, 125004 (2015).
23
